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ABSTRACT
Incentive-compatible methods for eliciting beliefs, such as proper scoring
rules, often rely on strong assumptions about how humans behave when
making decisions under risk and uncertainty. For example, standard proper
scoring rules assume that humans are risk neutral, an assumption that is often
violated in practice. Under such an assumption, proper scoring rules induce
honest reporting of beliefs, in a sense that experts maximize their expected
scores from a proper scoring rule by honestly reporting their beliefs.
Sandroni and Shmaya [Economic Theory Bulletin, volume 1, issue 1,
2013] suggested a remarkable mechanism based on proper scoring rules that
induces honest reporting of beliefs without any assumptions on experts’ risk
attitudes. In particular, the authors claimed that the mechanism relies only on
the natural assumptions of probabilistic sophistication and dominance. We
suggest in this paper that the reduction of compound lotteries axiom is another
assumption required for Sandroni and Shmaya’s mechanism to induce honest
reporting of beliefs. We further elaborate on the implications of such an extra
assumption in light of recent findings regarding the reduction of compound
lotteries axiom.
Keywords: Proper Scoring Rules; Belief Elicitation; Reduction of Compound
Lotteries Axiom

1 INTRODUCTION
Consider the scenario where a decision maker is interested in a forecast
(belief), which is represented by a discrete probability distribution over a set
of exhaustive and mutually exclusive outcomes 𝜃1 , 𝜃2 , … , 𝜃𝑛 . The decision
maker elicits beliefs from human experts, who have no influence on or stakes
in the outcomes of interest. We denote an expert's belief by the probability
vector 𝒑 = (𝑝1 , 𝑝2 , … , 𝑝𝑛 ), where 𝑝𝑘 is his subjective probability regarding
14
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the occurrence of outcome 𝜃𝑘 . Experts are potentially strategic, meaning that
they are not necessarily honest when reporting their beliefs. Therefore, we
distinguish between an expert's true belief 𝒑 and his reported belief 𝒒 =
(𝑞1 , 𝑞2 , … , 𝑞𝑛 ). Clearly, from a decision making perspective, it is desirable to
obtain 𝒒 = 𝒑. When this happens, we say that the expert is honestly reporting
his belief.
Proper scoring rules (Winkler & Murphy 1968) are traditional techniques
to induce risk-neutral agents to honestly report their beliefs. A scoring rule
𝑅(𝒒, 𝜃𝑥 ) evaluates the accuracy of a reported belief 𝒒 by providing a realvalued score upon observing an outcome 𝜃𝑥 , for 𝑥 ∈ {1, … , 𝑛}. In order to
become relevant, scores are often coupled with financial and/or socialpsychological rewards, which naturally implies that experts seek to maximize
the obtained scores. A scoring rule is called (strictly) proper when an expert
receives his maximum expected score if (and only if) his reported belief 𝒒
matches his true belief 𝒑 (Winkler & Murphy 1968). The expected score of 𝒒
at 𝒑 for a real-valued scoring rule 𝑅(𝒒, 𝜃𝑥 ) is: 𝑬𝒑 [𝑅(𝒒, ∙)] =
∑𝑛𝑥=1 𝑝𝑥 𝑅(𝒒, 𝜃𝑥 ). Arguably, the logarithmic proper scoring rule, 𝑅(𝒒, 𝜃𝑥 ) =
log 𝑞𝑥 , and the quadratic rule, 𝑅(𝒒, 𝜃𝑥 ) = 2𝑞𝑥 − ∑𝑛𝑘=1 𝑞𝑘2 , are the most
popular proper scoring rules.
Proper scoring rules rely on the assumption that experts are risk neutral,
which is a strong and often unrealistic assumption when experts are humans
(Weber & Chapman 2005; Armantier & Treich 2013). An expert’s risk
attitude might influence the way the expert reports his belief under standard
proper scoring rules. For example, risk-seeking experts tend to report sharp
beliefs, whereas risk-averse experts tend to report beliefs close to the uniform
distribution (Winkler & Murphy 1970; Armantier & Treich 2013; Holt &
Laury 2002; Offerman et al. 2009).
An alternative when risk neutrality does not hold true is to reward the
expert using the scoring rule 𝑈 −1 (𝑅(𝒒, 𝜃𝑥 )), which results into a proper
scoring rule for the utility function 𝑈(∙) (Winkler 1969). Clearly, this
approach relies on two conditions: 1) the decision maker knows that the
expert behaves according to expected utility theory; and 2) the decision maker
knows the shape of the expert’s utility function 𝑈(∙). When utility functions
are unknown, standard proper scoring rules for eliciting the probability of an
event using deterministic payments no longer exist (Schlag & van der Weele
2013).
One approach to circumvent the above impossibility result is to elicit the
components that drive an expert’s risk attitude towards uncertainty before
eliciting the expert’s belief using a proper scoring rule. Thereafter, the
decision maker is able to calibrate the expert’s reported belief a posteriori by
removing the influence of those components in order to obtain the expert’s
true belief (Carvalho 2015; Offerman et al. 2009; Kothiyal et al. 2011).
Clearly, the decision maker must assume that experts behave according to a
certain decision model in order for this approach to work. When the assumed
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model is wrong, the final calibrated belief can be very different from the
expert’s true belief (Carvalho 2015).
Another alternative to circumvent the above impossibility result is to
make payments in lotteries, instead of using deterministic payments. For
example, Allen (1987) presented a randomized payment method that relies on
the linearization of utility through conditional lottery tickets to induce honest
reporting when an expert’s utility function is unknown. More recently, Karni
(2009) proposed a method with two fixed prizes where the payment function
is determined by comparing the expert’s reported probability value to a
random number drawn uniformly from [0,1]. Under Karni’s method, if an
expert exhibits probabilistic sophistication and dominance, then it is in the
best interest of the expert to report honestly regardless of his risk attitudes.
In spirit, the methods by Allen (1987) and Karni (2009) are analogous to
the classic Becker–DeGroot–Marschak mechanism (Becker et al. 1964). Some
subjects have been found to have a hard time dealing with Becker-DeGrootMarschak mechanisms in experimental settings (Cason & Plott 2014; Plott &
Zeiler 2005; Rutström 1998). Sandroni & Shmaya (2013) proposed a simpler,
yet elegant stochastic payment scheme based on proper scoring rules, which
we discuss next. We argue, however, that Sandroni and Shmaya’s mechanism
only induces honest reporting of beliefs when the reduction of compound
lotteries axiom holds true, an assumption not mentioned by the authors. We
discuss in Section 3 the practical implications of such an assumption.

2 SANDRONI-SHMAYA MECHANISM
From an expert’s perspective, reporting a belief under a proper scoring
rule is equivalent to choosing a lottery over a potentially infinite number of
lotteries (Carvalho 2015). Consider a scenario involving only two outcomes
(𝑛 = 2). Formally, the implicitly chosen lottery associated with a reported
belief 𝒒 = (𝑞1 , 𝑞2 ) is:
[𝑅(𝒒, 𝜃1 ): 𝑝1 ; 𝑅(𝒒, 𝜃2 ): 𝑝2 ]
which means that the expert believes he will receive the score 𝑅(𝒒, 𝜃1 ) with
probability 𝑝1 , and 𝑅(𝒒, 𝜃2 ) otherwise. Now, consider the following lotteries
involving the fixed values 𝑥𝑚𝑎𝑥 > 𝑥𝑚𝑖𝑛 and probabilities 0 ≤ 𝜌, 𝜌′ ≤ 1:
𝐴 = [𝑥𝑚𝑖𝑛 : 𝜌; 𝑥𝑚𝑎𝑥 : 1 − 𝜌] and 𝐵 = [𝑥𝑚𝑖𝑛 : 𝜌′; 𝑥𝑚𝑎𝑥 : 1 − 𝜌′]
We say that probabilistic dominance holds true when an expert strictly
prefers 𝐴 over 𝐵 if and only if 𝜌 < 𝜌′ . Sandroni & Shmaya (2013) argued that
probabilistic dominance is the only assumption required in our setting (where
probabilistic sophistication already holds true) when inducing honest
reporting of beliefs. Specifically, the authors proposed the following payment
scheme:
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If outcome 𝜃1 happens: the expert receives the payoff 𝑥𝑚𝑎𝑥 with probability
𝑆(𝒒, 𝜃1 ) and 𝑥𝑚𝑖𝑛 with probability 1 − 𝑆(𝒒, 𝜃1 );
If outcome 𝜃2 happens: the expert receives the payoff 𝑥𝑚𝑎𝑥 with probability
𝑆(𝒒, 𝜃2 ) and 𝑥𝑚𝑖𝑛 with probability 1 − 𝑆(𝒒, 𝜃2 );
where 𝑆(𝒒, 𝜃𝑥 ) ∈ [0,1] is a normalized proper scoring rule. We note that any
bounded proper scoring rule can be used to create a normalized scoring rule,
which in turn is still proper since a positive affine transformation of a proper
scoring rule is still proper (Gneiting & Raftery 2007). We argue that, from an
expert’s point of view, the above payment scheme is equivalent to the
following compound lottery:
Figure 1

𝑆(𝒒, 𝜃1 )
𝑝1

1 − 𝑆(𝒒, 𝜃1 )

𝜃1

𝑆(𝒒, 𝜃2 )
𝑝2

𝜃2

1 − 𝑆(𝒒, 𝜃2 )

𝑥𝑚𝑎𝑥
𝑥𝑚𝑖𝑛

𝑥𝑚𝑎𝑥
𝑥𝑚𝑖𝑛

Sandroni & Shmaya (2013) suggested that the probability of receiving the
highest payment 𝑥𝑚𝑎𝑥 𝑖𝑠:
𝑝1 ∗ 𝑆(𝒒, 𝜃1 ) + 𝑝2 ∗ 𝑆(𝒒, 𝜃2 )
Furthermore, under the assumption of probabilistic dominance, the expert
will behave so as to maximize the above probability. Note that the above
value is the expected score of the proper scoring rule 𝑆(⋅), which in turn is
maximized when 𝒒 = 𝒑, i.e., when the expert reports honestly.
A remarkable characteristic of Sandroni and Shmaya’s mechanism is that
it does not rely on any assumptions about experts’ risk attitudes. By fixing a
couple of prizes, all bounded proper scoring rules can be transformed into
randomized rules that induce honest reporting for all risk preferences. This
mechanism differs from Becker–DeGroot–Marschak based mechanisms in
that no external randomization device other than nature is required to
determine an expert’s payment. One implicit assumption not mentioned by
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Sandroni & Shmaya (2013) is, however, that the expert must be indifferent
between the lottery in Figure (1) and the following lottery:
Figure 2

𝑝1 𝑆(𝒒, 𝜃1 ) + 𝑝2 𝑆(𝒒, 𝜃2 )
𝑝1 (1 − 𝑆(𝒒, 𝜃1 )) + 𝑝2 (1 − 𝑆(𝒒, 𝜃2 ))

𝑥𝑚𝑎𝑥
𝑥𝑚𝑖𝑛

In other words, there is an implicit assumption that the reduction of
compound lotteries (ROCL) axiom holds true (Harrison et al. 2015).
The original mechanism by Sandroni & Shmaya (2013) focused only on
binary outcomes. The authors mentioned that the mechanism “can be
extended to many events and many experts, by running separate mechanisms
to different experts and events”. Clearly, this approach is problematic when
the number of outcomes n is large. This happens because the decision maker
has to run the mechanism once for eliciting the probability associated with
each individual outcome. We note next that the same mechanism is easily
extendable to multiple outcomes, where the payment scheme becomes:
Figure 3
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If outcome 𝜃1 happens: the expert receives the payoff 𝑥𝑚𝑎𝑥 with
probability 𝑆(𝒒, 𝜃1 ) and 𝑥𝑚𝑖𝑛 with probability 1 − 𝑆(𝒒, 𝜃1 );
If outcome 𝜃2 happens: the expert receives the payoff 𝑥𝑚𝑎𝑥 with
probability 𝑆(𝒒, 𝜃2 ) and 𝑥𝑚𝑖𝑛 with probability 1 − 𝑆(𝒒, 𝜃2 );
…
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If outcome 𝜃𝑛 happens: the expert receives the payoff 𝑥𝑚𝑎𝑥 with
probability 𝑆(𝒒, 𝜃𝑛 ) and 𝑥𝑚𝑖𝑛 with probability 1 − 𝑆(𝒒, 𝜃𝑛 );

The above payment scheme is equivalent to the compound lottery in
Figure 3.
Under the ROCL assumption, the above lottery reduces to:
𝑛

𝑛

[𝑥𝑚𝑖𝑛 : ∑ 𝑝𝑥 (1 − 𝑆(𝒒, 𝜃𝑥 )) ; 𝑥𝑚𝑎𝑥 : ∑ 𝑝𝑥 𝑆(𝒒, 𝜃𝑥 )],
𝑥=1

𝑥=1

in which case the probability of receiving the highest payoff is maximized
when 𝒒 = 𝒑. Once again the crucial assumption missing in the analysis by
Sandroni & Shmaya (2013) is that the ROCL axiom must hold true. We
discuss in the following section the validity of such an assumption.

3 DISCUSSION
At this point, a question that arises is: when does the ROCL axiom hold
true in practice? Results from prior empirical work are mostly negative in
terms of the validity of the ROCL assumption, e.g., see Appendix B in the
paper by Harrison et al. (2015). However, Harrison et al. (2015) suggested
that these negative results could had been driven by the underlying payment
scheme. In particular, the use of the well-known random lottery incentive
mechanism might induce violations of ROCL. The random lottery incentive
mechanism repeatedly (for a total of 𝑘 times) presents two lotteries to subjects
and asks them to select the most desirable one. Eventually, the mechanism
randomly selects and plays out one of the chosen lotteries. Interesting,
Harrison et al. (2015) showed that there is no longer evidence of violations of
ROCL when subjects face only one binary choice (𝑘 = 1).
Experts also face a single-decision situation when they report their beliefs
under Sandroni and Shmaya’s mechanism as defined is this paper. Hence,
ROCL might be satisfied according to the results by Harrison et al. (2015)
and, consequently, Sandroni and Shmaya’s mechanism might still induce
honest reporting of beliefs. We note, however, that the setting investigated by
Harrison et al. (2015) involved only binary choices, i.e., choices over two
lotteries. When an expert is asked to report a belief under a proper scoring
rule, each potential reported belief generates a lottery. Hence, the expert’s
choice is over a potentially infinite number of lotteries (reported beliefs).
Furthermore, Harrison et al. (2015) derived their results in the domain of risk,
which is a subcase of the uncertainty domain when all the experts’ beliefs are
equal to each other (Wakker 2010). The extent to which the results by
Harrison et al. (2015) hold true under uncertainty and for an infinite number
of choices is still an open and exciting research question. An answer to such a
19
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question will determine the empirical validity of Sandroni and Shmaya’s
mechanism for inducing honest reporting of beliefs.
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